ABSTRACT: Second harmonic generation from plasmonic nanoantennas is investigated numerically using a surface integral formulation for the calculation of both the fundamental and the second harmonic electric field. The comparison between a realistic and an idealized gold nanoantenna shows that second harmonic generation is extremely sensitive to asymmetry in the nanostructure shape even in cases where the linear response is barely modified. Interestingly, minute geometry asymmetry and surface roughness are clearly revealed by far-field analysis, demonstrating that second harmonic generation is a promising tool for the sensitive optical characterization of plasmonic nanostructures. Furthermore, defects located where the linear field is strong (e.g., in the antenna gap) do not necessarily have the strongest impact on the second harmonic signal. KEYWORDS: Plasmonics, nonlinear optics, surface integral formulation, realistic nanostructures Furthermore, the coupling between several substructures is a convenient way to control SPR properties.
M etallic nanostructures supporting surface plasmon resonances (SPR)
, that is, collective excitations of the conduction electrons, exhibit unique optical properties. 1 Furthermore, the coupling between several substructures is a convenient way to control SPR properties. 2, 3 In particular, bringing two nanostructures in close proximity results in an enhancement by several orders of magnitude of the electric field in the hot spot. This geometry is called a nanoantenna, or an optical antenna, since it represents the optical analogous of microwave and radiowave antennas. 4−6 The electromagnetic properties of nanoantennas can be tuned by modifying their geometric parameters (length, shape, and gap dimension) and tailored for specific applications. 7 For instance, optical antennas have been designed for studying quantum systems at the single emitter level, 8−10 surface-enhanced Raman scattering, 11−13 beamed Raman scattering, 14 cathodoluminescence, 15 strongfield photoemission, 16 and trapping. 17, 18 Optical antennas are also promising for the observation of nonlinear optical effects that require a high electric field such as that observed in the hot spots. 19 Several studies have reported the observation of multiphoton excited luminescence, 20−22 second harmonic generation (SHG), 23, 24 third harmonic generation, 25, 26 high harmonic generation, 27 and four-wave mixing, 28 as well as ultrafast spectroscopy. 29, 30 Recently, a new approach has been proposed to enhance nonlinear conversion in nanoantennas, using structures that are resonant at the several wavelengths involved in the frequency conversion. 31−33 Among the different nonlinear parametric optical processes, SHG is the simplest one and has the advantage of being sensitive to the symmetry of the plasmonic nanostructures as well as their spatial arrangement. 34−40 Contrary to the other nonlinear optical processes, it was observed that SHG can be significantly suppressed in centrosymmetric gaps, although the fundamental electric field is strongly enhanced. 41 On the other hand, efficient SHG is observed in asymmetric gaps, such as the one formed in noncentrosymmetric T-shaped gold dimers. 42 A clear insight into the impact of the nanoantenna shape on their SHG properties, particularly in the far-field, is therefore required to guide further the development of SHG from nanoantennas for practical applications like nonlinear plasmonics sensing. 43 In this Letter, we compare the linear and second harmonic (SH) optical responses of two gold nanoantennas. We consider an idealized nanoantenna with rectangular shape arms and a realistic nanoantenna obtained from a scanning electron microscope image. 44 While in the linear regime both kinds of nanoantennas have the same emission pattern, this is not anymore the case for their SH response. Furthermore, although the SH near-field distributions appear almost identical at the first sight, the SH far-field distributions of the realistic nanoantenna strongly differ from that of the idealized structure. Further investigations show that geometric defects, such as arm misalignments and tilts, are also clearly revealed in SH far-field distributions. These results demonstrate that SHG can be an extremely sensitive optical tool for the characterization of the geometry of plasmonic nanostructures.
The linear optical response of both ideal and realistic nanoantennas has been numerically computed using an inhouse surface integration equation (SIE) code giving accurate results for both the near and the far field distributions, even in resonant conditions. 45, 46 Dispersive gold dielectric constants used in this work are obtained from experimental data and the optical antennas are considered in vacuum. 47 The case of the idealized nanoantenna is discussed first. The nanoantenna is composed of two 40 nm × 40 nm × 98.5 nm rectangular arms separated by a 25 nm gap. For such dimensions, the dipolar scattering longitudinal resonance of the nanoantenna is superposed to that of the realistic nanoantenna discussed below. 44 Figure 1 shows the near-field intensity distribution and the real part of the x-component of the electric field at the fundamental wavelength computed for an incident wave propagating along the y-direction and polarized along the xdirection. The excitation wavelength is 630 nm, corresponding to resonant excitation. As expected, a strong enhancement of the electric field inside the nanogap and a symmetrical electric field distribution are observed ( Figure 1b) . As discussed in the introduction, the nanoantenna shape modifies its optical response and the properties of realistic and idealized nanoantennas are expected to be different. 7, 44 Contrary to the idealized nanoantenna, the surface of the realistic nanoantenna is no longer flat and is a good example of surface roughness occurring in fabricated nanostructures (see the inset Figure 2a) . Figure 2 shows the near-field distribution of both the fundamental intensity and the real part of the x-component of the fundamental electric field Re(E x ), computed for the realistic structure and considering identical illumination conditions to the ideal antenna. Note that the phase of imaginary quantities is defined relatively to that of the incident field at the origin, which is pure real quantity (t = 0). The comparison with the ideal case shows that the general features of these distributions, namely an electric field intensity enhancement in the gap of the order of 100 at the gap center and a constant sign for Re(E x ) across the nanogap, are identical. Near-field distributions are very challenging to measure experimentally, while scattered intensities are easily recorded with optical microscopes if the scattering cross section is not too low. The scattered intensities calculated considering the scattered wave polarized into the (O, x, y) plane are shown in Figure 3 as a function of the scattering angle for both the idealized ( Figure 3a ) and the realistic (Figure 3b ) nanoantennas. In both cases, a two lobe pattern, characteristic of a dipolar emission, is observed. These results indicate that linear optical processes do not provide any information on the exact detailed structure of the nanoantennas. We will see below that the impact of the nanoantenna morphology is much stronger in the nonlinear case.
Let us now consider the SH optical response of both gold nanoantennas. It is well-known that SHG is forbidden in the bulk of centrosymmetric media within the dipolar approx- imation. 48 Nevertheless, this symmetry is broken at the interface between two centrosymmetric media and SHG arises from metallic nanostructure surfaces. SIE methods only require the discretization of the surfaces of the metal nanoparticles, exactly where the SHG sources are located, and are therefore extremely well suited for the accurate SHG computation, as recently demonstrated by Kauranen and colleagues. 49 Surface SHG computation has been implemented in our SIE code following the method described in ref 49 , which is briefly outlined here. First, the linear surface currents, which are expanded on Rao−Wilton−Glisson (RWG) basis functions, 45 are used for the evaluation of the fundamental electric fields just below the gold surfaces and then used for the calculation of the surface SH polarization. We consider only the component χ surf,nnn of the surface tensor, where n denotes the component normal to the surface, which is known to dominate the surface response for metallic nanoparticles. 50 Note that other contributions to the SH signal, namely the component χ surf,ttn of the surface tensor (where t denotes the component tangential to the surface) and bulk contribution, are theoretically allowed but these contributions weakly contribute to the total SHG. 50, 51 In the present case, the nonlinear polarization can be written as P surf,n (r,2ω) = χ surf,nnn E n (r,ω) E n (r,ω). The SH surface currents are obtained solving the SIE formulation taking into account the nonlinear polarization and enforcing the boundary conditions at the nanostructure surfaces. 49 As the linear surface currents, the SH surface currents are expanded on RWG basis functions. The expansion coefficients are found applying the method of moments with Galerkin testing. 45 A Poggio−Miller−Chang−Harrington−Wu formulation is used to ensure accurate solutions even at resonant conditions. 45, 49 The SH electric field is then deduced from the SH surface currents using a two-term subtraction method for the evaluation of the Green functions. 45 The robustness of our program has been tested by comparing with previous experimental results, finite elements calculations and nonlinear Mie theory. 34, 52 Our results are found to be very accurate, except for the extreme near-field (distance from the metallic surface below 5 nm). The discrepancy in the extreme near-field is not surprising since the nonlinear polarization is represented by piecewise constant functions. 49 This SIE code offers the possibility to include several embedded domains as required for the description of nanoantennas. 44, 45 As for the linear response, the case of an idealized dipole nanoantenna is considered first. Figure 4 shows the near-field distribution (logarithmic scale) of the SH intensity driven by an incident wave (λ = 630 nm) propagating along the y-axis and polarized along the x-axis. Contrary to the linear case, the SH electric field is not especially enhanced in the gap between both arms. This result, surprising at first sight, is easily understood with the intrinsic properties of SHG in mind. The idealized dipole nanoantenna has a perfectly centrosymmetric shape, which leads to a perfectly centrosymmetric SH electric field distribution (Figure 4b) . In order to preserve the centrosymmetry of the problem under study, the SH electric field at each sides of the nanogap must oscillate out of phase, leading to a minimal amplitude of the x-component of the SH electric field along the x = 0 axis because of destructive interferences. 41 Note that this strongly differs from the linear response for which the electric field at opposite sides of the nanogap oscillates in phase (see Figure 1) . Indeed, the SH intensity minimum at the gap center indicates a nonradiative behavior, that is, a SH dark mode weakly coupled to the far-field. 41 Note that efficient SH dipolar emission from noncentrosymmetric nanoparticles is allowed. 36 This underlines the role played by symmetry in the SHG from nanoantennas.
Let us now consider the realistic antenna. Figure 5 shows the near-field distribution of the SH intensity close to a realistic gold nanoantenna. The mesh used is identical to the one used in Figure 2 . The fundamental and SH wavelengths are again 630 and 315 nm, respectively. The SH electric field distribution around the nanoantenna is not as symmetric as in the realistic case but similarities are however observed. For instance, the sign of the SH electric field changes across the nanogap and the SH intensity minimum inside the gap is also observed, as was the case for the idealized structure. Previously, we have observed that in the far-field the linear emission patterns are identical for both the idealized and the realistic nanoantennas. This is not anymore the case for the SHG emission pattern, as is visible in Figure 6 , which shows the normalized scattered SH intensity as a function of the detection angle calculated for both nanoantennas. Contrary to the linear scattering, the emission patterns are completely different. In the case of the idealized nanoantenna, two symmetric lobes are observed in the horizontal plane (O, x, y) and both the backward and forward SH intensities vanish, as expected for centrosymmetric plasmonic nanostructures. 53 The four lobe pattern observed in the vertical plane is characteristic of a quadrupolar emission, Figure 6c . The observation of a higher multipolar mode is not surprising since SHG from centrosymmetric nanostructures is forbidden in the dipolar approximation. 52, 53 On the other hand, the SH wave scattered by the realistic optical antenna is clearly asymmetric, in correlation with the asymmetric nanoantenna arm shapes. For example, the magnitudes of the two lobes observed in the horizontal plane differ by almost 20% and the magnitudes of the four lobes observed in the vertical plane differ by a factor of 3. Furthermore, the SH intensity scattered along the y-direction does not vanish anymore since the centrosymmetry is broken. Contrary to the case of individual metal nano-objects, 39 morphology sensitive SHG from nanoantennas does not require cylindrical vector beam excitation but is observed even when the nanoantenna is driven by a plane wave.
In order to investigate further the impact of surface roughness on the SHG from nanoantennas, several computations have been performed adding a protruding defect to the idealized nanoantenna at different positions (see Supporting Information Figures S1−S3) . 54 The results show that the impact on the SH far-field is higher in the case of a defect on the lateral arm side than in the case of a defect in the gap, despite the strong fundamental field enhancement in the gap. This somewhat counterintuitive result is easily understood having in mind that SHG from the nanogap is not efficiently radiated to the far-field due to destructive interferences (see the case of the perfect antenna, Figure 4) . 41, 42 On the other hand, the contribution of a defect on the lateral arm side does not suffer from this limitation and has a stronger impact on the SH far-field (compare Supporting Information Figure S2a with Figure S2b ). Further simulations have been performed considering nanodefects on each arm of the idealized nanoantenna (Supporting Information Figure S4 ). They demonstrate that the symmetry of the nanodefects positions is revealed by the SH far field (Supporting Information Figure  S4e and S4f). Asymmetry in the arm shape is not the only defect observed in realistic antennas. Arm tilts and misalignments can also occur during the fabrication process. Let us first consider the case of arm tilts. The right arm of the idealized antenna is turned around the (O 1 , y)-axis by an angle α ( Figure  7a ). The normalized SH intensity scattered in the vertical plan as a function of the detection angle calculated considering the SH scattered wave polarized into the (O, x, z) plane is shown for different values of the rotation angle α (Figure 7b ). As the arm tilt increases, the SH emission pattern evolves from a perfectly symmetric four lobe pattern, as expected for a symmetric antenna, to an asymmetric one, as observed in the case of the realistic optical antenna. Interestingly, a small rotation angle (α = 5°) leads to a non-negligible variation of the lobe magnitudes (18%), demonstrating that SHG is sensitive to small defects in the nanoantennas geometry. For the corresponding linear signal, a dipolar emission is still observed (see Figure 3) . Another plausible defect in the nanoantenna geometry is the misalignment of the arms. Results considering a shift of the nanoantenna arm positions along the z-direction are shown in Figure 8 . The shift is quantified by the distance e (Figure 8a ). The normalized SH intensity scattered in the vertical plane as a function of the detection angle calculated considering the SH scattered wave polarized into the (O, x, z) plan is shown for values of the side-to-side distance e between 0 and 15 nm. The variation of the lobe magnitudes increases from 8% for a side-to-side distance e = 5 nm to 35% for e = 15 nm, demonstrating that SHG is also extremely sensitive to arms misalignments. Contrary to the cases of the realistic and tilted antennas, the opposite lobes have the same magnitudes in the case of a misaligned nanoantenna. This is expected since the misaligned nanostructure is still invariant by a 180°rotation around the (O, y)-axis. Hence, SHG enables the discrimination of the impact of the misaligned arms on the nanoantenna optical properties with the impact of other fabrication defects. Supporting Information Figure S5 shows that, even if the impact of a 15°tilted arm or of a nanodefect on the lateral side are almost the same considering the second harmonic scattered wave polarized in the (O, x, z) plane, this is not the case considering the SH scattered wave polarized in the (O, x, y) plane. Indeed, a 15°tilted arm leads to a 10% variation of the lobe magnitudes while the two lobes remain perfectly symmetric in the case of a nanodefect on the lateral side. These results clearly demonstrate that, although a complete retrieval of the nanoantenna shape is not possible, SHG can be used as a sensitive tool for in situ optical characterization of nanoantennas. For example, SHG enables the rapid screening of a nanoantenna array to determine which structures are "defect-free". This cannot be performed in the linear optics regime, where a minute geometry asymmetry or surface roughness do not no impact the scattering pattern (see Figure  3) .
Let us finally address further experimental issues. The results discussed in this letter show unambiguously that angularresolved SHG is an efficient way to optically characterize the morphology of nanoantennas. Such an experiment has been already performed in the case of gold nanorod arrays. 55 Furthermore, SHG from single antennas has been observed, indicating that the SH cross section is high enough for studying a single antenna. 23, 24 Another experimental issue is the heating of the nanostructure under strong light illumination. 56 The observation of nonlinear optical processes requires the use of ultrashort laser sources and resonating absorption at the fundamental wavelength can result in nanostructure damages. We have performed complementary simulations considering a fundamental wavelength λ = 800 nm, which corresponds to the operating wavelength of the majority of available femtosecond laser sources. This excitation wavelength is far from any resonances of the considered nanoantennas. Yet, as in the resonant case, the asymmetry of the realistic nanoantenna is clearly revealed in off-resonant SHG, showing the flexibility of SHG as a tool for the optical characterization of nanoantennas.
In summary, the optical response of gold nanoantennas has been studied using SIE methods. The linear response has been considered first showing that the far-field properties are barely affected by the quality and the symmetry of the structure. On the other hand, the SHG has been found to be highly sensitive to the nanoantenna morphology, even when the linear properties are almost identical. Interestingly, extremely small defects in the arm shape or nanoantenna geometry are clearly revealed by SHG far-field analysis, demonstrating that SHG is a promising tool for sensitive optical characterization of plasmonic nanoantennas. It should be emphasized that defects located where the linear field is strong (e.g., in the antenna gap) do not necessarily have the strongest impact on the SH signal. This work paves the way for future investigations of SHG from more complicated optical antennas, such as circuit loaded nanoantennas. 57, 58 We also expect that nonlinear optical processes from nanoantennas for which quantum mechanical effects have to be taken into account will also be of particular interest in the future. 
